CLASSIFICATION OF LOCAL SINGULARITIES ON TORUS CURVES 

OF TYPE (2,5) 



M. KAWASHIMA 

Abstract. In this paper, we consider curves of degree 10 of torus type (2,5), C : 
h{x,yf + f2{x,yf = 0. Assume that /2(0,0) = /5(0,0) = 0. Then O = (0,0) is a 
singular point of C which is called an inner singularity. In this paper, we give a topolog- 
ical classification of singularities of (C, O). 



1. Introduction 

A plane curve C C is called a curve of torus type (p, q) if there is a defining 
polynomial F oi C which can be written as F = Fp + Fq, where Fp, Fq are homogeneous 
polynomials of X,Y, Z of degree p and q respectively. In [7j, D.T. Pho classified the local 
and global configurations of the singularities of sextics of torus type (2,3). In this paper, 
we will classify local inner singularities of torus type (2,5). We assume C is a reduced 
curve of torus type (2, 5). Using affine coordinates x = X/Z, y = Y/Z, C is defined as 

C: f2{x,yf + Ux,yf = 0, 

where f2{x,y) = F2{x,y,l), h{x,y) = F^{x,y,l). Put C2 := {f2{x,y) = 0} and C5 := 
{fb{x-,y) = 0}. We assume that the origin O = (0,0) is an intersection point of C2 and 
C5 and O is an isolated singularity of C. We classify the local singularity type of (C, O) 
following the method of [7j. If f2{x,y) = £{x,y)'^ for some linear form i, the curve C is 
called a linear torus curve and it consists of two quintics, as /I + /I = if 5 + ^^\/— 1)(/5 — 

First we recall the following notations. 

An : x^+i + y^ = (n > 1) 
Dn : +xy^ = {n > 4) 
EQ:x^+y'^ = 0, Ej: x^ + xy^ = 0, Es : x^ + y^ = 
Bn.m : + = (Brieskorn-Pham type) 



In the case gcd(m, n) > 1, the equation of Bn.m can contain other monomials on the 
Newton boundary. For example, -62,4 has the form Ct '■ x"^ +txy'^ + 2/^ = 0, for t 7^ ±2. Ct 
is topologically equivalent to -62,4 (Oka, [3]). In these notations, we note that An = Bn+1,2 
and E^ = -63,4. 

We remark that every non-degenerate singularity in the sense of Newton boundary is 
a union of Brieskorn-Pham type singularities. For example, Cp^q : x^ + x'^y'^ + y'^, p,q > 
4, p + (? > 9 is the union of two singularities: x^"^ + y'^ = and -|- y*^"^ = 0. So we 
introduce the notation: -Bp-2,2 ° -^2,9-2 to express Cp^q. 
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For the classification, we use the local intersection multiplicity i := /(C2,C5;0) effec- 
tively. The complete classifications is given by Theorem [T] in §5. 

This paper consists of the following sections: 

§2. Preliminaries. 

§3. Some lemmas for tours curves of type {p,q). 

§4. Calculation of the local singularities. 

§5. List of classification. 

§6. Linear torus curve of type (2, 5). 

§7. Appendix. 

2. PRELIMINARIES 

2.1. Toric modification. Throughout this paper, we follow the notations of Oka [5]. 
First we recall a toric modification. Let 




be a unimodular integral 2x2 matrix. We associate to a a birational morphism tTq- : 
C*^ C*^ by 'K„{x,y) = {x'^y^ , x'^y^). If 0,7 > (respectively. /3,6 > 0), this map can 
be extend to x = (resp. y = ). Note that {vTo-j's satisfy the properties vTo- o vr,- = tTo-t 
and (vTc.)"^ = vr^-i. 

Let iV be a free Z-module of rank two with a fixed basis {Ei, £"2}- Through this basis, 
we identify := ® R with M?. Thus N can be understood as the set of integral 
points in E?. We denote a vector in A by a column vector. Hereafter we fix two special 
vectors Ei = *(1,0) and E2 = *(0, 1). Let be the space of positive vectors of N. 
Let {Pi,-- - ,Pm} be given positive primitive integral vectors in . Let Pi = ^{ai^bi) 
and assume that det(Pj, -Pj+i)> for each i = 0, - - - ,m. Here Pq = Ei, Pm+i = -E'2- We 
associated to {Pq, Pi, - - - , Pm+i} a simplicial cone subdivision S* of which has m + 1 
cones Cone(Pi, Pj+i) of dimension two where 

Cone(Pi,Pi+i) := {tPi + sP^+i \t,s> 0}. 

We call {Pq, - - - , Pm+i} the vertices of T,*. We say that S* is a regular simplicial cone 
subdivision of A^"*" if det(Pj, Pj+i) = 1 for each i = 0, - - - , m. 

Assume that S* is a given regular simplicial cone subdivision with vertices {Po,Pi, 
-- - ,Pm+i}, (Po = Ei,Pm+i = E2) and let Pj = \ai,bi). For each cone, Cone(Pj, Pj+i), 
we associate the unimodular matrix 

We identify Cone(Pj, Pj+i) with the unimodular matrix cjj. Let {x,y) be a fixed system 
of coordinates of C^. Then we consider, for each cTj, an affine space C^. of dimension two 
with coordinates {x^i , yai ) and the birational map tTo-j : C^. — > . First we consider the 
disjoint union of C^. for i = 0, . . . , m and we define the variety X as the quotient of this 
union by the following identification: Two points (xo-i,yo-J £ C^. and {xa^,yaj) G C^, are 
identified if and only if the birational map tt^.-i^. is well defined at the point {x^^^ya^) 
and T^aj-^(Ji{xai-:V<Ti) = (a^CTj , ycTj ) • As can be easily checked, X is non-singular and the 
maps {tTo-- : C^. — > | < i < m} glue into a proper analytic map vr: A — > C^. 
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Definition 1. The map ir : X ^ C'^ is called the toric modification associated with 
{S*, {x,y),0} where is a regular simplicial cone subdivision of N'^ and {x,y) is a coordi- 
nate system o/C^ centered at the origin O. 

Recall that this modification has the following properties. 

1. {C^. , (xct^, yo-J}) (0 < i < m) give coordinate charts of X and we call them the toric 
coordinate charts of X. 

2. Two afHne divisors {2/o-i_i = 0} C C^._^ and {x^ = 0} C C^. glue together to make a 
compact divisor isomorphic to for < i < m. We denote this divisor by E[Pi). 

3. TT-^O) = [jZiE{Pi) and TT : X - tt'^O) - {0} is isomorphism. The non- 
compact divisor Xg-p = (respectively, j/o-^ = 0) is mapped isomorphically onto the 
divisor x = (resp. y = 0). 

4. E{Pi)n E{Pj) 7^ if and only if z — j = ±1. If z — j = ±1, they intersect transversely 
at a point. 

2.2. Toric modification with respect to an analytic function. Let O be the ring 
of germs of analytic functions at the origin. Recall that O is isomorphic to the ring of 
convergent power series in x,y. Let / G O be a germ of complex analytic function and 

suppose that f{0) = 0. Let f{x, y) =Y1 Cijx^y^ be the Taylor expansion of / at the origin. 
We assume that f{x,y) is reduced as a germ. The Newton polygon T^{f;x,y) of /, with 
respect to the coordinate system {x,y), is the convex hull of the union [Jij{{i,j) +M^} 
where the union is taken for such that Cij ^ and the Newton boundary T{f;x,y) 
is the union of compact faces of the Newton polygon r_|-(/; x, y). For each compact face 
A of r(/; x, y), the face function /a(x, y) is defined by fA{x, y) := Z)(i,j)eA Cijx^V^ ■ 

In the space M where the Newton polygon r+(/;x,y) is contained, we use (2^1,1^2) as 
the coordinates. For any positive weight vector P = *(a, 6) G N, we consider P as a linear 
function on M by P{vi,V2) = ci^i + bu2- We define d{P; f) to be the smallest value of 
the restriction of P to the Newton polygon r_|_(/; x, y) and A(P; /) be the face where this 
smallest value is taken. For simplicity we shall write fp instead of fA{P;f)- By the defi- 
nition, fp is weighted homogeneous polynomial of degree d{P; f) with weight P = ^{a,b). 
For each face A G T{f;x,y) there is a unique primitive integral vector P = (a, 6) such 
that A = A(P; /). The Newton boundary r(/; x, y) has a finite number of faces. 



Let Ai, . . . , A^ these faces and let Pi = ( Oj, bi) be the corresponding positive primitive 
integral vector, i.e., Aj = A(Pj; /). We call Pj the weight vector of the face Aj. Then we 
can write 

fp.ix, y) = cx'^f^ n(y"' + ^i,3^''T''', c ^ 
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with distinct non-zero complex numbers ji^i, ■ ■ ■ ,^i^ki- We define 

fp^{x,y) = fp^{x,y)/x'^^y'' = c fliy""' + 7i,jx''^r'^ ■ 

i=i 

The polynomial j)er{f-x y) '^iJ^^V'^ is called the Newton principal part of f{x,y) and 
we denote by M{f;x,y). We say that f{x,y) is convenient if the intersection T{f;x,y) 
with each axe is non-empty. Note that /a^ is always convenient. We say that / is non- 
degenerate on a face Aj if the function /a^ : C* — > C has no critical points. This is 
equivalent to i^ij = 1 for all j = I,-- - ,ki. We say that / is non- degenerate if / is 
non-degenerate on any face Aj (i = 1, . . . , m). 

We introduce an equivalence relation ~ in which is defined by P ~ Q if and only 
if A(P; /) = A{Q;f). The equivalence classes define a conical subdivision of N~^. This 
gives a simplicial cone subdivision of A^"*" with m + 2 vertices {Pq, ■ ■ ■ Pm+i} with Pq = Ei, 
Pm+i = E2- We denote this subdivision by T*{f;x,y) and we call it the dual Newton 
diagram of / with respect to the system of coordinates {x,y). T*(f;x,y) has m + 1 two- 
dimensional cones Cone(Pi, Pj+i), i = 0, - ■ ■ ,m. Note that these cones are not regular in 
general. 

Definition 2. A regular simplicial cone subdivision S* is admissible for f{x,y) if Ti* is 
a subdivision ofT*(f;x,y). The corresponding toric modification it : X ^ C'^ is called an 
admissible toric modification for f{x,y) with respect to the system of coordinate {x,y). 

There exists a unique canonical regular simplicial cone subdivision (Lemma 3,3 of [3]) . 
We call the corresponding toric modification the canonical toric modification with respect 
to f{x, y). Let C be a germ of a reduced curve defined by /(x, y) = and let vr : X — > 
be a good resolution. Recall that the dual graph of the resolution is defined as follows. 
Let El, . . . ,Er be the exceptional divisors and put 7r*/~-^(0) = ruiEi + Cj. To 

each Ei, we associate a vertex Vi of G{tt) denoted it by a black circle. We give an edge 
joining Vi and Vj if EiCi Ej ^ 0. For the extended dual graph ^(vr), we add vertices Wi 
to each irreducible components Ci, i = \, - • • ,s and we join Wj and Vi if Ei n Cj 7^ by 
a dotted arrow line. It is also important to remember the multiplicities of vr*/ along Ei, 
which we denote by rrij. So we put weights mj to each vertex and call ^(vr) with weight 
the weighted dual graph of the resolution n : X ^ C'^. 

Example 1. Consider the curve C : y'^ — = 0. The Newton boundary consists of one 
face A. Then P = \ 2, 3) is the weight vector correspond to the face A and r*(/; , x, y) has 
three vertices {Ei, P, £^2}- We take a regular simplicial cone subdivision S* of r*(/; x, y) 
and we consider an admissible toric modification tt : X ^ C'^ associated to {S*, (x, y), O}. 
Vertices of S* are {Ei,Ti, P,T2, E2} where Ti = 1) and T2 = *(1,2) are new vertices 
which are added to T*{f;x,y) in order to make S* regular. 

The proper transform C intersects transversely with the exceptional divisor E{P) at 
1-point. Take a toric coordinate {u,v) so that u = defines E{P) and let ^ be the 
intersection point. Then C is defined by f — 1 = and C is smooth at ^. (vr*/) = 
2E{Ti) + QE{P) + ?,E{T2) + C. 
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Figure 1. 



3. Some lemmas for tours curves of type (p,q). 

3.1. Notations. Through out this paper, we use the same notations in |3j, unless other- 
wise stated. We also use the fact that the topological equivalence class of a non-degenerate 
germ depends only on its Newton boundary (Theorem 2.1 of [3]). In the process of clas- 
sification of topological type of an inner singularity of torus curve of type (2.5), we have 
the following possibilities: 

(1) (C, O) is non-degenerate and r(/) has one face, 

(2) (C, O) is non-degenerate (in some local coordinate system) but the Newton boundary 
has several faces, or 

(3) (C, O) has some degenerate faces for any choice of coordinate systems {x,y). 

To make the expression of these singularity classes simpler, we introduce some notations. 
The class of singularities (1) can be expressed by the class of Bn^m- 

Bn,m ■ x" + + (higher terms) = 

The class of singularities (2) can be understand a union of singularities of type (1). For 
example, + x^y^ + y*" = is topologically equivalent to (x"~^ + y^){x^ + y™""^) = 
and thus we denote this class by Bn-2,2 ° B2^m-2, as is already introduced in §1. 

The last class (3) is most complicated. For example, we consider the singularity germ 
(C, O) is defined by f{x, y) = (Ax'^+y^)^+x'^y^ then M{f; x, y) = (Ax^+y^)^ and r(/; x, y) 
consists of one face A with weight vector is P = *(2, 3) and / is degenerate on A. We take 
a regular simplicial subdivision S* as in example [TJ Then we take a toric modification 

TTi : Xi — > we can see that Ci intersects transversely with E{P) at ^1 = (0, —A) in 

toric coordinate {u,v) correspond to Cone(P, T2) and E{P) = {n = 0} with multiplicity 
12. (Figure [2]). 




Figure 2. 



To express the strict transform C at ^1, we choose the coordinate (u, vi) where vi = v+\, 
we call this coordinates {u,vi) the translated toric coordinates for (C,i^i). Now we found 
that (C, ^1) is defined by -63^2 : — Xv? + (higher terms) = where u = defines the 
exceptional divisor which contains ^1. Observe that E[P) is defined by n = and the 
tangent cone of C is vi = 0. Thus the tangent cone is transverse to E{P) at ^1. Again 
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we take a toric blow-up 7r2 : X2 {Xi This is essentially the same as the one for 
the cusp singularity — Xu^ = 0. As 7rJ/(0) is non-degenerate in {u,vi), 7^2 gives a 
good resolution of (C, ^1) and therefore the composition vri o 7r2 : X2 ^ gives a good 
resolution of (C, O). The resolution graph is simply obtained by adding a bamboo for this 
blowing up (See (1), Figure [3]). We denote this class of singularity by {B^ 2)^^'^- 

Sometime, we may need to take a coordinate change of the type {u, V2) where V2 = 
vi + h(u) for some polynomial h(u). The important point here is that we do not change 
the first coordinate u, as it defines the exceptional divisor E{P). We call such a coordinate 
system (it, 1^2) admissible translated toric coordinates at ^i. 

Example 2. Consider f{x,y) = {y^ — xy^ + x^y + x^)^ + (x — 2y)^{x — 3y)^. Then 
J\f{f; X, y) = —"ily^^ — 2xy'^ + x^y^(x — y) + 2x'^y + 2x^^ and r(/; x, y) consists three faces 
Ai (i = 1,2,3) with weight vectors Pi = *(3,1), P2 = *(1,1) and P3 = *(1,3). Note that 
f{x,y) is degenerate on A(P2; /)• By adding vertices Ti = *(2, 1) and T2 = *(1,2), we get 
the canonical regular subdivision. We take the associated toric modification and we can 
see easily that the strict transform C splits into three germs Ci, C2, C3 so that for i = 1,3, 
Ci, intersects transversely with exceptional divisor E{Pi) at two points and Ci are smooth 
at these points. The germ C2 which intersects with E{P2) is still singular and intersects 
with E{P2) transversely at ^1 = (0,1) in the toric coordinate {u,v) corresponding to 
Cone(P2)72)- Thus taking the translated toric coordinate (n, ui), vi = — 1 at ^1, 
we can write the defining equation of C2 as — Au^vi — 239ti^ + (higher terms) = 0, 

while the exceptional divisor E{P2) is defined by ti = 0. Note that (C2,^i) = -64,2- 
Thus Trlf is non-degenerate and we need one more toric modification centered at ^1. 
Then the resolution is given by (2), Figure [3l We denote this class of singularity as 

(C, 0)~B6,2 0(Bf i)^4-2 0^2,6. 
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(1) Figure 3. 




3.2. Some lemmas for general torus curves. First we prepare some lemmas for the 
general torus curves of type {p,q). Let C = {/ = 0} be a curve of torus type (p, g) 
which can be written as f = fq + fp where fp and fq are polynomial of degree p and q 
respectively. We assume that p > q > 2. We put Cq := {fq = 0} and Cp := {fp = 0}. 
Suppose that O G CqCiCp and let i be the local intersection multiplicity I(Cp, Cq] O). We 
recall a following key lemmas. 

Lemma 1 (Lemma 1 of [1 1). Suppose that Cp is non- singular at O and then the singularity 
{C,0) is topologically equivalent to the Brieskorn-Pham singularity Bp^^q. 
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Lemma 2 (Lemma 4.3 of [6j). Suppose that {Cp,0) is singular with multiplicity m and 
{Cq, O) is smooth. If Cq intersects transversely with Cp and p < qm, the singularity (C, O) 
is topologically equivalent to Bmq,p- 

Lemma 3. Suppose that {Cp, O) is singular with multiplicity m and the tangent cone of 
Cp consist of m distinct lines. Then Cp consists of m smooth components at O. Consider 
the local factorization fp = W^igi- 

(1) Suppose that Cq is smooth at O and p < qm. 

(m-l), then (C, O) ~ B. 



(a) IfL< 

(b) Ifi> 
q{m — 

(c) Ifi = 



V 



p 


- Q 




P 


p 


- q 


1 


)• 




p 


p 


- q 



{m-l), (CO) 



qL,p- 



where (3 = p{i — m + 1) 



1) and the coefficients are generic, then (C, O) ~ B, 



qL,p 

oB, 



q,p-q- 



(2) Suppose that m = 2, Cq is smooth and p > 2q. Then {C,0) ~ Bp(^i^_i^_q q 

(3) Suppose that {Cq,0) is singular with multiplicity 2 and the tangent cone TpCq 
consists of distinct two lines and let fq = /11/12 be the local factorization and we 



put ii = {hi = 0}, i = 
gi{x2,y2) = X2, 52(3^2,2/2 



1,2. Let Vi = I{£i,Cp;0), i = 1,2. We assume that 



2/2 for a local coordinate system (2:2,2/2) and 

I{h,g^;0) = l, (i/i) l{£2,gf,0) = i, (i / 2) 

and put vi = I{£i, gi;0) and 1^2 = I{£2,g2',0). Assume that 2p > qm. Then 



{C,0)^B^ 



(B^ 

\ ri 



(rn~2)B2p- 



^2,/32 , Pi = p{^i + 1) - qim - 1) 



Proof. By the assumption, the tangent cone of Cp consists of m distinct hnes. This impUes 
{Cp, O) has m smooth components which are transverse each other. 

First we consider the case (1). First we take a local coordinate system (xi,yi) so that 
Cq is defined by yi = 0. Let fp{xi,yi) = Ili^i 5«(^i> 2/i) be the factorization in O such 
that gi{xi, yi) = yi + ai Xi + (higher terms), gi{xi,yi) = yi — aixi + (higher terms) with 
7^ (2 < i < m). In this expression, we have l = v + m — 1. In the case of (a): 
i < ^^{m — a), the Newton boundary of /p(xi,yi)^, fq{xi,yiY are as the left hand side 
of Figure m Thus it is easy to see that f{xi, yi) is non-degenerate in this coordinate and 
we have (C, O) ~ -B^^p. 

In the case of (6) : t > ^^{m — a), f{xi,yi) are degenerate in this coordinate. We 
take another coordinate: (0:2,2/2) with X2 = Xi, y2 = 27i(^ii2/i) so that 2/2|/p- Then in 
this coordinate {x2,y2), the Newton boundaries of /p(x2,2/2) and fq{x2,y2) are given as 
the right hand side of Figure H] so that /(x2, 2/2) are now non-degenerate and the assertion 
follows. 



qm 




r {fp;xi,yi) 
r (/ ;xi,yi) 



r (/p;X2,2/2) 
r {f'q]X2,y2) 
r (/;X2,2/2) 



Figure 
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For the proof of (2), we take a local coordinate system so that fp{x,y) = cxiyi, c 7^ 0. 
Then we may assume that fq{xi,yi) = yi + c'x^~^ + (higher terms). The the assertion is 
immediate from Newton boundary argument. 

Next we consider the case (3). We have chosen a local coordinate system (x2, ^2) so that 
9i{x2,y2) = CX2 (c / 0) and g2{x2,y2) = y2- Put gi{x2,y2) = y2 - aiX2 + (higher terms) 
(3 < i < m). By the assumption, we can write 

hi{x2,y2) = X2+ di y^^ + (higher terms), /i2(a;2, 4/2) =2/2+^^2 + (higher terms) 
with di, ^2 7^ 0. Then the Newton principal part of / can be written as: 

m 

N{f, X2,y2) = 4yf ^^'^ + c« xlyl \{{y2 - a,X2Y + £,xf'^'\ 

Newton boundary of / consists of three faces Ai, A2 and A3 and / is non-degenerate on 
Ai, A3 but degenerate on A2. We take an admissible toric blowing-up vr : X ^ with 
respect to some regular simplicial cone subdivision S* = {Pq, . . . , Pk}- Assume that P^ = 
*(1, 1), the weight vector of the homogeneous face A2 and put P-y+i = *{n,n + 1). Then 
the pull-back of fp and fq to the coordinate chart (C^, {uy,Vy)) with a = Cone{P^, P-y+i) 
are given by 

m 

Kfp{u-i^v^) = {c/i(^i^?;",M^t;"+^)/M^} 

TT*fg{u^,V^) = U^{hi{u-yV^,U^V^~^^)/u^) X (/l2(M^i;",U^f"+^)/M^) 



where 



gi{u^v!^ , Uyv!^~^^) / = — Oi mod 
hi{u^v!^,U'yv'!^^^)/U'y = 1 mod 
h2{u^Vj,u^v!^~^^)/u^ = mod u^. 



Thus we get 



= 11(^7 - + ^^'"'^"'Muj, v^) + (higher terms) 

\i=3 

and fq{ai,0) / 0. We put = (0, a^) and we take a local coordinates {u^,v^^i) at with 
v^^i = — Oj. 6The above expression implies (C,^j) ~ B2p-qm,q- ^ 



The assertion (1) of Lemma [3] can be generalized for the case where the tangent cone 
of Cp may have some factors with multiplicity as follows. 

Lemma 4. Suppose that Cp is singular at O and Cq is smooth at O. Let m be the 
multiplicity of {Cp,0). We take a local coordinate system {xi,yi) so that Cq is defined by 
yi = 0. We assume that p < qm and 

-either yi / {fp)m (this implies that Cq intersects transversely with TpCp), or 

-yi = is a simple tangent line ofToCp (this is equivalent to yi\{fp)rn, Vi / (/p)m )■ 

where {fp)m is the homogeneous part of degree m of fp. 

Then we have: 

(1) Ifi< ^^{m - 1), then (C, O) ~ Bg.^p. 
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(2) Ifi > 



P 



(m-1), (C, O) ~ Bp^ go5g(m-i), p-q wherc (3 = p{i-m+l)-q{m-l). 
[m — 1) and the coefficients are generic, then {C,0) ~ Bq^^p. 



(3) Ifi 



p-q 
P 



p-q 



Proof. The proof is completely parallel to that of Lemma [3l 



n 



4. Calculation of the local singularities. 




= 0. 



First we consider the case that C2 is reduced in section 4 and 5. Next consider the case of 
C being a linear torus curve in section 6. For the classification, we start from the following 
generic equations: 



Hereafter x, y are the affine coordinates x = X/Z, y = Y/Z on C'^ := F"^ \{Z = 0}. As we 
assume that C2, C5 pass through the origin, we have aoo = ^00 = 0. We study the inner 
singularity O G C2 n C5 . We denote hereafter the multiplicities of C2 and C5 at the origin 
O by 7712 and respectively and the intersection multiplicity /(C2, C5; O) of C2 and C5 
at O by L. By Bezout theorem, we have the inequalities: 



For the classification of possible topological types of the singularity (C, O), we divide 
the situations into the 5 cases, corresponding to the values of m^. Then for a fixed ms, 
we consider the subcases, corresponding to i, < i < 10 taking the geometry of the 
intersection of C2 and C5 at O into account. And each case has several sub-cases by type 
of the singularity of (0^,0). 

(1) Case I. ms = 1. The quintic C5 is smooth. 

(2) Case II. ms = 2. We divide this case into two subcases (a) and (b) by type of 
tangent cone of C5. 

(a) The tangent cone of C5 is distinct two lines i.e., (C5, O) ~ Ai. 

(b) The tangent cone of C5 is a single line with multiplicity 2. 

(3) Case III. = 3. We divide this case into three subcases by type of tangent cone 



(a) The tangent cone of C5 is distinct three lines. 

(b) The tangent cone of C5 is a double line and another line. 

(c) The tangent cone of C5 is a single line with multiplicity 3. 

(4) Case IV. ms = 4. We divide this case into five subcases by type of tangent cone 



(a) The tangent cone of C5 is distinct four lines. 

(b) The tangent cone of C5 is a double line and distinct two line. 

(c) The tangent cone of C5 is a triple line and another line. 

(d) The tangent cone of C5 is a single line with multiplicity 4. 

(e) The tangent cone of C5 is two double line. 




i+j<2 



i+j<5 



1 < t < 10, m2?n.5 < t 



of C5. 



of C5. 
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(5) Case V. = 5. The quintic C5 is five lines. 

4.1. Case I: = 1. Quintic C5 is smooth. This case is determined by Lemma [J as 
follows. 

Proposition 1. Suppose that C5 is smooth at O and let l = I{C^,C2',0) he the local 
intersection multiplicity. Then (C, O) ~ B^^^2 for t = 1, • • • ,10. 

4.2. Case II: = 2. We divide Case II into two subcases (a) and (6) by type of tangent 
cone T0C5 of C5. 

(a) T0C5 consists of distinct two lines i.e., (C5,0) ~ Ai. 

(b) T0C5 consists of a line with multiplicity 2. 

4.2.1. Case Il-(a). We consider the subcase (a). In this case, we assume that the tangent 
cone of C5 is given xy = 0, f^ix, y) = xy + (higher terms). 

Proposition 2. Under the situation in (a), we have the following possibilities. 

(1) We assume that the conic is smooth and the tangent cone of C2 is y = (oiq = 
0, aoi 7^ 0) for simplicity. The possibility of{C, O) are 551-7,2 0-62,3 for 2 < t < 10. 

(2) For a conic which consists of two lines ii, I2 (i.e., aoi = aio = Oj, the generic 
singularity is -68,20-62,8- Further degeneration occurs when these lines are tangent 
to one or both tangent cones of C5. Put ^ = I(£i,C5;0) {i = 1,2). Then 4 < 
ti + i2 < 10 and the corresponding singularity is -65^2-2,2 o -62,51^-2 ■ 

Proof. Both assertions are immediate from Lemma [2] and Lemma [3] □ 

4.2.2. Case IT(h). Now we consider the case (Il-b). So we assume that ms = 2 and the 
tangent cone of C5 is given by L : = (with multiplicity 2). We divide this subcase 
(Il-b) into two subcases: (b-1) m2 = 1 and (b-2) m2 = 2. 

(b-1) Assume that ms = 2, rrh2 = 1 and the tangent cone of C5 is = 0. 

Proposition 3. Suppose that the tangent cone of C5 is a line with multiplicity 2 and C2 
is smooth. Then we have the following possibilities. 

(1) If C2 and C5 are transverse at O {i = 2), then {C,0) ~ -65,4. 

(2) // (C5, O) ~ ^3,2 and i = 3, we have {C, O) ~ (5| 2)^^'' ■ 

(3) // (C5, O) ~ ^4,2, we have {C, O) ~ (S| a)^'^"'"'"''^'^'''^ /or t = 4, • • • , 10. (Here 

the upper (-B5t_i8,2+-B2,2) implies we have two non- degenerate singularities -B5i_i8,2, -62,2 
sitting on two different points on the exceptional divisor E{P), P = *(1,2). after 
one toric modification.) 

(4) If (0^,0) ~ ^5,2, we have 

(a) (C, O) ~ -Bio, 4 generically and Bk^2 ° B5.2, 6 < < 15 for i = ^, 
{h) {Bl,f-' forL = 5. 

(5) If {C^,0) ~ -66,2, we have 

(a) (C, O) ~ -Bio,4 for l = A and 

(b) (C, O) ~ {Bl.f'-''^'^^'''-'^ fort = 6,..., 10. 

(6) If{C^,0) ~ ^7,2, we have 

(a) (C, O) ~ -Bio,4 for i = A and 

(b) (CO) ^(^2 2)''™ /or 6 = 6, 7. 

(7) //(C5,0)~S8,2, we have 

(a) (C7,0) ~fiio,4/or. = 4, 
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(b) (C,0)~5i5,4/ori = 6, 

(c) {Bl^i""''-''^^^^^'^^ for i = 8, 9, 10. 

(8) If{C5,d) ~ ^9,2, we have 

(a) {C,0)^BioAfori = 4, 

(b) {C,0)r^Bi5Afori = 6, 

(c) (CO) -(42^™ /or. = 8, 9. 

(9) // (Cr,, O) ~ Bio,2, we have 

(a) (CO) ~5io.4/or/, = 4, 

(b) (C,0) ~5i5,4 /or t = 6, 

(c) (O, O) ~ B20,4 and Bk,2 o Bio,2 (fc = 11, 12) for t = 8, 

(d) (Sfo,2)'^^'^ /or L = 10. 

(10) If{C5,0) ~ Sii,2, we /laue 

(a) (CO) ~5io,4 /or 6 = 4, 

(b) (0,0) ~i?i5,4 /or t = 6, 

(c) (O, O) ~ ^20,4 /or t = 8, 

(d) {C,0)r.{Bf,,f''' fort = 10. 

(11) //(05,0) -5i2,2, we have 

(a) (0,0) ~i?io,4 /or/, = 4, 

(b) (O, O) ~ Si5,4 /or i = 6, 

(c) (0,0) -^20,4 /or t = 8, 

(d) (O, O) ~ (Bf2,2)^^''' /or t = 10. 

(12) //(05,0)~5i3,2,'we have 

(a) (O, O) ~ Sio,4 /or t = 4, 

(b) {C,0)^Bi5Afori = 6, 

(c) (O, O) ~ ^20,4 /or t = 8, 

(d) (O, O) ~ 525,4 for L = 10. 

Proof. We can proceed the classification mainly using the local intersection multiplicity 
i = /(O2, O5; O) and geometry of O2 and O5. By the assumption ms = 2, we have l> 2. 
When i, = 2, O2 intersects transversely with O5 at the origin and then (C, O) ~ -65^4. Thus 
hereafter we assume that z. > 3. 

Assume that (05,0) ~ ^£-1. Then by a triangular change of local coordinates {x,yi) 
where yi = y + C2X^ + • • • + Ck-ix^~^, we can write f^ as 

h{x, yi) = ayl + f3x^ + (higher terms), t>2{k- 1), a, /3 / 0. 

A simple computation shows that I < 13. Now we can write /2 in this coordinates as 

f2{x, yi) = jyi + 6x'^ + (higher terms), > 2, 7, (5 7^ 0. 

(Here 5 = \i v = 00, i.e., yi|/2.) First we notice that 

(*) : L > min (2z^, £) and the equality holds except the case i = 2iy and + /37^ = 0. 

We observe that 

1. If 5z/ < 2£, / is non-degenerate in this coordinates and (O, O) ~ B^y^^. 

2. If hv = 2i (in this situation, the possible pairs which satisfy this condition are {ly, i) = 
(2, 5), (4, 10)), we have M{f, x, y) = a^y\ + 2a(3x^yl + (/J^ + 5^)x'^^ and if (/^^ + 5^) / 0, 
we have (O, O) ~ -62^,4- 
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If {0^ + (5^) = 0, we can see that the Newton boundary has two faces with R = {£, 2) as 
the common vertex of the faces and / can be non-degenerate on these faces, after taking 
a suitable triangular change of coordinates (x,y2)- 

3. If 5^ > 2£, it is easy to see that the Newton principal part of f{x,yi) is given by 
{ayf + [5x^)'^ which implies that f{x,yi) is degenerate in this coordinate. So we need to 
take first a toric modification tt : X ^ C'^ with respect to the canonical regular simplicial 
cone subdivision {Pq, . . . , Pm} and we have to see the total transform equation in X. 

The weight vector of A^^i is given as P = *(2,£), *(l,^/2) for i is odd or even re- 
spectively. Note also the germ A^^i has two smooth components if £ is even. Thus the 
description for the toric modification has to be divided in two cases. 

Case 1. £ is odd. The weight vector of r(/5;x, yi) is given by P = *(2,^). We may 
assume that P = Pg and we consider the cone a := Cone{Ps, Pg+i) and we consider the 
corresponding unimodular matrix 

Let {u, v) be the toric coordinates of this chart. Then in this coordinates, we have x = 
u^v"', yi = u^v^. Then we can write 

TT*h{u,v) =u2W5(n,t;), h{u,v) = av + P + h^{u,v) 
T^*f2{u,v) = u^^v^' f2{u,v), fj, = min(£, 2z/), fj,' = min(6, az/) 

Putting ^ = (0, —P/a), rf = b/j, — 4£, we can write as 

Tr*f{u,v) = u^^v^"^ f(u,v) 
f{u,v) = h{u,vf +vPv''i''-'"^~f2{u,vf 

Thus using admissible translated toric coordinates {u,V2), = vi + h(u), vi = v + /3/a 
for some polynomial /i, the strict transform is defined as 

o?V2 + evP' + (higher terms) = 0, e 7^ 

which implies (C*,^) ~ -Br;',2 and the tangent cone is transverse to the exceptional divisor 

u = where rj' > rj. 

Case 2. £ is even. The weight vector of r(/5; x, yi) is given by P = k) where £ = 2k. 
We may consider that there is a cone corresponding to a unimodular matrix 



a := 



1 
k 1 



Let {u, v) be the toric coordinates of this chart. Then in this coordinates, we have x = 
u, yi = u^v. Then we can write 

7r*/5(u, v) = u^f5{u, v), f5{u, v) = a{v + ai){v + 0:2) + uvh^{u, v) 

Tr*f2{u,v) = ui^f2{u,v), fj, = min(A;, I/) 

Putting = (0, Oj), (1 = 1, 2), 77 = 5/Lt — A£, we can write as 

7r*f{u,v) = u^^ [h{u,vf +u'^~f2{u,vf) 

Then the strict transform C has two components. Thus using admissible translated toric 
coordinates (tt, v'^), v[ = Vi + h{u), Vi = v + ai (i = 1, 2) for some polynomial h, the total 
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transform tt* f is described as 

TT*f{u,v[) = n^^('a^(ai - 02)^^^ + eu"'' + (higher terms)) =0, e / 



which imphes (C, ^j) ~ where r]' > r]. 

Putting the above strategy into consideration, we will explain some more detail for 
several cases. 

First we consider Case (2): (C5, O) ~ ^3,2, l = 3 {i = 3, u > 2). 

We have f^{x,y) = a-ip' + (ix^ + (higher terms). We have to consider the toric modifi- 
cation in the toric coordinate chart: 

cr = ( ^ o ) ' 7r(u, v) = {u^v,u^v^) 



3 2^ 

in above observation. Then taking the translated coordinates {u,vi), vi = v + (3 /a, we 
have 

T^* fb{u,vi) = u^{vi - l3/af'[avi + cu + h^{u,vi)) 

7r*/2(w, wi) = u^{vi - P/a)'^{6u + 7 + h2{u,vi)) 

7r*/(n, vi) = u^^vi - P/a)^f{u, vi) 

f{u, vi) = {avi + CU + h^{u, vi))"^ + v?{vi - l3/a)^(5u + 7 + /i2(w, vi))^ 

Now we can see that 

/(u, V2) = V2+ c'u^ + (higher terms), c' 7^ f 2 = olvi + cu 

which implies the corresponding singularity is (-632)^^'^. 

Next we consider the case (3): (C5, O) ~ -64^2 and i> A. Thus 

f5{x,yi) = ayf + (3x^ + (higher terms) 

f2{x, yi) = 72/1 + ^x'^ + (higher terms), v >2. 

Note that u >2 and the case t > 4 only if = 2 and a (5^ + /3 7^ = 0. Thus for simplicity, 
we assume that u = 2. For the simplicity of the calculation, we put: 

fb{x, yi) = ayf + f3x^ + (higher terms) = a{yi + aix){yi + a2x) + (higher terms), 

f2{x,yi) = 72/1 + 6x'^ + (higher terms)). 

The corresponding toric chart is associated with: 



by the above consideration. Note that i = 4 if and only if q(^^ + /37^ 7^ 0. Then taking 
the translated coordinates {u,vi), vi = v + ai (respectively {u,V2), V2 = v + ai), we have 

'^*fb{u,vi) = u'^{a{ai - a2)vi + ciu + hrj{u,vi)), 
'T^*f2{u,Vi) = U^{{^Vi - 7Q!i +5)+ uh2{u,vi)), 
TT*f{u, vi) = v?f{u, vi), {resp. TT*f{u, V2) = u^f{u, V2)) 
f{u, vi) = ((a(ai — 02)^1 + cin)^ + {5 — 701)^ + (higher terms) 
{resp. f{u, V2) = (a(a2 — ai)vi + C2u)^ + {5 — 702)^ ""^ + (higher terms)) 
where q {i = 1, 2) are constant. Then if z. = 4, we have a + /37^ 7^ and we see that 
(C, ^i) = Ai for i = 1,2. Thus (C, O) ~ (i?| 2)^^^'^ resolution graph is given by Figure 

El 
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The case z/ > 2 gives the same conclusion as above. 

If 1/ = 2, i > 4 and assuming q + /37^ / 0, we have (C, ^2) = ^1 but (C, ^1) is bigger 
that Ai. Thus we have to take a triangular change of coordinates {u,v[) so that C is 
defined at ^1 as (f^)^ + c' u'' + (higher terms) = 0. The explicit computation shows that 
the possible k are 5l — 18, 4 < t < 10. 

Next we consider the assertion (4): (C5, O) ~ ,65^2 t > 4:. We put as above 

fbix, Hi) = ayf + [3x^ + (higher terms), f2{x, yi) = jyi + Sx'^ + (higher terms). 

Note that t = 4 if and only ii = 2. U u > 2, t = 5 and J\f{f,x,yi) = {ayf + /?x^)^ 
and we have to take a toric modification, ly = 2, then l = 4 and as M{f,x,yi) = 
yf + 2Px^yl + {p^ + 5^)x^^, we see that (C, O) ~ ^10,4 if t = 4 and + 6^ / 0. If 
/32 _|_ j5 _ ^Yie Newton boundary has two faces. 

-First we consider the case i = 4 (so 5 7^ 0) and + = 0. Then J\f{f,x,yi) = 
yf + 2(3x^yf + ^gx^yi + 7iix^^ and r(/; x, yi) consists of two face Ai and A2. Clearly / 
is non-degenerate on Ai. If / is degenerate on A2, we take a suitable triangulated change 
of coordinates (x, ^2) so that AA(/; x, 7/2) = ce^yl + 2a/3x?/2 + j'x^^^'^, /c = 0, . . . , 9. This 
implies (C, O) ~ 5^+6,2 ° -85,2- 

-Secondly, we consider the case i > 5 (i.e., v > 2). This case, by the previous consid- 
eration, we see that t = 5. Then M{f,x,yi) = {ayf + /?x^)^ and T{f;x,yi) consists of 
one face A with the weight vector P = *(2, 5) and / is degenerate on A. We consider the 
toric modification with respect to the canonical regular subdivision E* of r*(/; x, yi). The 
toric coordinate chart which intersects the strict transform C is described by a unimodular 
matrix 

Then we taking admissible translated toric coordinates (n, V2), V2 = vi + h{u),vi = av + j3 
for a suitable polynomial we have 

vr*/(u, V2) = u^^{v2 - 13 /a + h{u)) {c?vl + 13" v!' + (higher terms)) , (3" / 0. 

Thus we can get (C, O) ~ Hence we have the assertion (4) of Proposition [3l 

The assertions (5), • • • , (12) can be shown in a similar manner. □ 

Remark 1. Note that the singularity -625,4 in case (12) has Milnor number 72 and 72 is 
the maximum Milnor number of irreducible curve of degree 10. Thus in this case, C is a 
rational curve. 

The classification Proposition [3] can be rewritten as follows from the viewpoint of t. 

(1) If t = 2, we have (C, O) ~ ^5,4. 

(2) If t = 3, we have (C, O) ~ (S|,2)^'''- 
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(3) If i = 4, we have (C, O) ~ {Bl^f^-'-', 5io,4 and Bk,2 o ^5,2 (6 < A; < 15). 

(4) If i = 5, we have ~ {Bl^)'^^^'^-^^^'^^ and (^f s)^^'"- 

(5) If i = 6, we have (C,0) ~ {BI^)(b^^.^+^^:^\ {Bl^f^^-^, (Sf a)^^-' and ^15,4. 

(6) If 6 = 7, we have (C,0) ~ {Bl^)(^^^-^+^^'^\ (52'^)(B8,2+B3,2)' ^nd {Bl^)^-'>i 

(7) If i = 8, we have (C, O) ~ {Bl^)^^-'-'''+^^''\ {Bl2)^^^^-'+^^-^\ (S|,2)^'^'''> 

(-^9,2)^''''^-^20,4, -Bii^2 o -Bl0,2 and i?i2,2 o -Bio,2- 

(8) If i = 9, we have (C, O) ~ {Bl2)(^^-''^+^^'^\ {Bl^)^^^^'^+'^^-^\ {Bl^)^^^'^+'^^'^ and 
{Bl^)^^^^-. 

(9) If i = 10, we have (C,0) ~ (Sls)^-^^^'^^-^^'^^ {Bl {Bi^)('^^^-^+'^*'^\ 

(Bfl,2)^«■^ (5f2,2)'^^'^ and 525,4. 

(b-2) Assume that C2 is a union of two hues meeting at the origin (m2 = 2) and the 
tangent cone of C5 is = 0. 

Proposition 4. Suppose that the tangent cone of C5 is a line with multiplicity 2 and C2 
is a union of two lines meeting at the origin. Then the germ {C, O) can take following 
singularities. 

(1) // (6*5,0) ~ -83^2? we have 

(a) (C, O) ~ (S| 2)'^''' forL = 4 and 

(b) (CO) ^{By^^^^^ fort = 5. 

(2) If{C5,0) ~ ^4,2, we have 

(a) (C,0)~(i3|/^^-^/ori = 4, 

(b) (C, O) ~ {Bl^f^'-^ for i = Q, and 

(c) (C, O) ~ 516^2 o (^2 i)S7.2 t = 7. 

(3) // (C5, O) ~ -65^2 7 we have 

(a) (C, O) ~ 5io,4 or 5^,2 o ^5,2 (6 < < 15) /or i = A, 

(b) (C,0) ~ (^12)^"''' /or i = 6 and 

(c) (C,0)~(B|>^^.^/or(. = 7). 

(4) //(C5,0)~S6,2, «;e W 

(a) (C, O) i?io,4 for i = 4 and 

(b) (C,0)~(i?|/^^-Vor. = 6. 

(5) // (C5, O) ~ -67^2? we have 

(a) (C, O) ~ -Bio,4 /or t = 4 and 

(b) (C,0)~(S2 2)^^-Vor. = 6. 

(6) // (C5, O) ~ Sfc^2, we have 

(a) (C, O) ~ -Bio,4 for t = A and 

(b) (C, O) ~ Si5^4 (8 < A; < 13) forL = 6 

Proof. By taking a local coordinates {x,yi), we can assume 

/5(x, yi) = ayl + + (higher terms), a, /3 7^ 0. 

Now wc assume that f2ix,yi) = (i{x,yi)i2{x,yi) where 

•^1 = yi + CjyX^ + (higher terms), £2 = 02(^1 + 7x) + (higher terms), Ci^, C2 / 

We put ii = 7(^1, C5; O) <5,L2 = I{i2, C5; O). As 7 7^ 0, we have 12 = 2. Hence <, = ti + 2 
and we have 4 < i < 7. 
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Comparing Newton boundaries of /| and /|, and applying an similar argument as in 
case (b-1), we get assertions of Proposition HI □ 

4.3. Case III : = 3. We divide Case III into three cases by type of the tangent cone 
of C5. 

(a) T0C5 consists of distinct three lines. 

(b) T0C5 consists of a double line and a simple line. 

(c) TqC^ consists of is a line with multiplicity 3. 

First we remark that if C2 is smooth and C2 intersects transversely with C5 at the origin 
(i = 3), we have (C, O) ~ i?6,5 by Lemma [2] in §3. So hereafter, we consider the case C2 
and the tangent cone of C5 does not intersect transversely. 

4.3.1. Case Ill-(a). : We first consider Case Ill-(a). We assume that the tangent cone of 
C5 consists of distinct three lines. 

Proposition 5. Under the situation of Case Ill-(a), (C, O) ~ i?6,5 if l- = 3. For l > 4 we 
have the following possibilities of (C, O). 

(1) Assume that C2 is smooth and tangent to y = 0. Then (C, O) can be -B5(,-i4,2 °-B4.3 
/or i = 4, 5, • • • 10. 

(2) Assume that C2 consists of two distinct lines ii, £2- Put = I{li,C5;0) > 3 
{i = 1,2). Then {C, O) ~ ^5,2-9,2 o {Bl^f^-' o ^2,5.1-9 with + ^2 = 6,7, ■ ■ ■ , 10. 

Proof. The assertion is immediate from Lemma [3l □ 

4.3.2. Case Ill-(b). In this case, we may assume that the tangent cone of consists of a 
double line {y = 0} and a single line {x = 0}. 

(b-1) Assume first that C2 is smooth (m2 = 1). If = 3, (C, O) ~ Sg.s by Lemma [2j 
Therefore we consider the case i > 4. The common tangent line of C2 is either {x = 0} or 
{y = 0}. When the common tangent line is {x = 0}, (C, O) is described by Lemma [H 

So we assume that common tangent cone is {y = 0}. If t = 4, we have f^{x, y) = bi2xy'^+ 
64ox^ + (higher terms) and t = 4 if and only if 640 7^ 0. Hence we have (C, O) ^ -Bs.s- 

Next we consider the case i > 5 and we take a local coordinates system {x,yi) so that 
C2 is defined by yi = and we have f^{x, yi) = Puxyf + Psix^yi + P^qx^ + (higher terms) 
with P12 / 0. First we assume that l = 5. Then /Jsq 7^ and we factor M{f; x, y\) as 

5 

M{f; x, yi) = y\ + x'^{Pi2yl + Psixhi + Pbox^ = JJiyi + aiX^) 

1=1 

and we see that T{f;x,y) consists of one face with weight vector P = *(1,2). Then we 
have several cases: 

(1) ai, . . . , as are all distinct. 

(2) ai = 02 and a^, 04,05 are mutually distinct and different from ai. 

(3) ai = 02 = 03 and 04, 05 are mutually distinct and different from oi. 

(4) ai = a2) ^3 = 04 and oi 7^ 03 and 05 is different from ai, 03. 

We can see by an easy computation that the other cases are not possible. (By a direct 
computation, we see that if J\f{f;x,yi) = has a root with multiplicity 4, fi^Q = and 
the intersection number jumps up to 6.) 

Lemma 5. Under the above situation, we further assume that l = 5. 
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(1) If ai, ... ,05 are all distinct, {C,0) ~ -610,5- 

(2) If ai = 02 and 03,04,05 are mutually distinct and different from oi, {C,0) ~ 
5fc,2 0^6,3, (5 < < 12). 

(3) If ai = 02=03 and 04, 05 are mutually distinct and different from ai, {C,0) ~ 
Bk,3°Bi^2 {k = 7,--- ,11) or 53,1055,20^4,2 or -63,1 0^7,2054,2 or 5fc,2o53,i 0^4,2 
{k = 7,8,9). 

(4) If oi = 02, 03 = 04 and ai 7^ 03 and 05 is different from a\, 03, {C,0) ~ 
-Ba;2+4,2 o 52,1 o (-^2 i)'^'"!'^ where {ki,k2) moves in the set 

{{kuk)] 13 - fc2 > 'A;i > A;2 - 4, A;2 = 5, . . . , 7} U {(4, 8), (5, 9)}. 

Proof. The case (1) is clear. We consider the case (2) and we may assume oi = 02. 
Then we see that the Newton boundary T{f;x,yi) has two faces Ai and A2 and / is 
non-degenerate on Ai. Taking a suitable triangular change of coordinates, we can make 
/ non-degenerate on A2. Hence this gives series (C, O) ~ 5^,2 o 56,3, A; = 5, • • • ,12. We 
can consider the cases (3) and (4) similarly. □ 

Remark 2. In (4) of Lemma [5l we have the following symmetry. Let 

f{x,yi) = {yi + aix^f{yi + a3X^)^(yi + a^x^) + (higher terms) 

be a defining polynomial of (C, O). First we take a change of coordinates (x, 1/2) = {x,yi + 
oix"^) and we take further changes of coordinates of type 2/2 — > 2/2 + cx-^ , 2 < j < [^2/2] if 
necessary and we can assume 

f{x, y2) = yl {y2 + ("3 - "1)3^^)^(2/2 + ("5 - ai)x^) + (3x^'^^'^ + (higher terms) 

and its Newton boundary consists of two faces Ai and A2 and / is non-degenerate on A2 
but degenerate on Ai. (Here "higher terms" are linear combinations of monomials above 
the Newton boundary.) Let 5i = *(1,2) and P2 be the weight vectors corresponding to 
Ai, A2 respectively. The Cone(5i, 5i) needs one vertex Ti = *(1, 1) to be regular. For the 
cones Cone(5i,52) and Cone(P2,52), the subdivision changes for k2 being even or odd. 

- For k2 = 2m 4- 1, 52 = *(2, 2m + l) and Cone(5i, 52) and Cone(52, E2) are subdivided 
into regular fans by adding vertices {Tj = *(1, i), 2> <i < m} and S = *(1, m + 1). 

- For k2 = 2m, 52 = *(l>"i)) and Cone(5i,52) is subdivided into a regular fan by 
adding vertices {Tj = *(l,i), 3 < i < m — 1}. The Cone(52,52) is already regular. Note 
that in any case, the corresponding resolution is minimal. In the second case, 5(52)^ = —1 
but it intersects with two components of C. 




Figure 6. 



After taking a toric modification with respect to the canonical subdivision, we have 
(C,6) ~ Bk,,2. Hence (C, O) ~ Bk,,2 o B2,i o {Bl^f"!'^. 

Using canonical subdivision for the second toric modification, we see that resolution 
graph has three branches with center E{Pi): one branch with a single vertex which cor- 
responds to E{Ti). The second branch corresponds to the vertices in Cone(5i,52) and 
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Cone(P2) -E'2) (respectively Cone(Pi,P2)) for k2 is odd (resp. even). The third branch 
corresponds to the vertices for the second toric modification. 

To see the relation between the second and third branches, we take change of coordinates 
(x,y3) = {x,y2 + (03 — ai)x'^) from the beginning. After a finite number of triangular 

changes of coordinates, we arrive to a expression (C, O) ~ -^fc^,2 ° ^2,1 ° (-62,1) By 
an easy calculation and the minimality of the resolution graph so obtained, we see that 
k[ = k2-4,k'^ = ki+ 4. Thus Bk,,2 o B2,i o ~ Sfc,+4,2 o B2,i o (52^^*2-4,2. 

Therefore in the classification, we can assume that ki + A > k2- 

Next we consider the case <- > 6. 

Lemma 6. Under case Ill-h, we assume that /, = 6. Then the topological type of (C, O) is 

generically Bg^2 ° -Se.a ('•nd it can degenerate into (i?| 2) ^'^ ° -^2,1 or Bg^2 ° -62,1 o (-Sl 1)^'°'^ > 
{k = l,--- ,8). 

Proof. We take a local coordinates system {x,yi) so that C2 is defined by yi = and 
fbix, yi) = Pi2xyl + Psix^yi + f3eoX^ + (higher terms). Then /(x, yi) is written as 

f{x, yi) = yi + iPuxyj + Psix^Ui + Pmx'^f + (higher terms) 

= 2/1 + {/3i2xyl + Psixyff + {PsiX^Vi + l^mx^f - Pi^x^yf + (higher terms). 

If ^ 0, V{f;x,yi) consists of two faces Ai, A2 and fAi{x,yi) = yf + x'^yfiP^Vi + 
Psix^)"^ and fA2{x,y) = (finix^yi + PQax^)"^. In this case, we first take a triangular change 
of coordinates of type {x,y2) = {x,yi + c^x^ + C4X^) so that the face A changes into a 
non-degenerate face A2 (new face after change of the coordinate) and 

fA',ix,y2) = f^six"" {yl + 4x9), ^ Q_ 

If / is non-degenerate on Ai, we have (C, O) ~ i?9_2 ° Bq ^. 

If / is degenerate on Ai (^31 = 4/3^2/27, /33i / 0), then fAr{x,yi) = a^yf(9yi + 
Pi2x'^){9yi + Afil^x'^Y' where a is a non-zero constant. To analyze the singularity on 
the face Ai, we take a toric modification: let P = *(1, 2) be the weight vector correspond- 
ing to Ai and we take a toric modification with respect to an admissible regular simplicial 
cone subdivision S*, tt : X ^ C^. We may assume that a =Cone(Pi,ri) is a cone in S* 
where Ti = *(1,3). Wc take the toric coordinates («, v) of the chart C^. Then we have 
7ro-(ti, f) = {uv,v?v'^) and 

7r*/(u, v) = a^u^%^^f{u, v) = a^u^^v^^ (^{9v + (3f2){^v + Apf^f + (higher terms)) 

and the strict transform C splits into two components. We see that one of the components 

of C which correspond to the non-degenerate component of /ai is smooth and transversely 
with E{P) = {u = 0}. To see the other component of C, we take the translated toric 
coordinates (ti, fi), vi = 9v + A(3i2. Then f{u,vi) = cwf -1-71^-1- (higher terms) where c is a 
non-zero constant. Hence if 71 / 0, we get (C, O) ~ B9^20-B2,io(i?| j^)^^'^. If 71 = 0, taking 
a triangular change of coordinates of the type {u, V2) = {u, vi+diu+ ■ ■ ■ + CkU^), j = [k/2], 

we can easily see that (C, O) ~ Bg^2 o ^2,1 o (^li)^*'", (A; = 2, • • • ,8). 
Next we consider the case P31 = 0. Then 

ATif; X, yi) = yf + x^puvl + Peox^'f 

where (Sqq ^ since l = 6 and r(/;x,yi) has two faces Ai and A2 and the corresponding 
face functions are given by fAiix,yi) = yl + Pux'^yf and fA2{x,yi) = x'^{Pi2yi + Peox^)"^ . 
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Thus / is non-degenerate on Ai and degenerate on A2. Then taking a toric modification 
which is the same as (4) of Proposition [31 we get (C, O) ~ (Sfs) o ^2,1. □ 

For the remaining cases z. > 7, we can carry out the classification in the exact same way. 
So we can summarize the result as follows. 

Proposition 6. Suppose that C2 is smooth, = 3 and the tangent cone of the quintic 
C5 consists of a double line Li and a single line L2 ■ 
If L = 3, we have (C, O) ~ -66,5- 

^/ ^ ^ 4, C2 is tangent to either Li or L2 and we have the following possibility. 

(I) Assume that the common tangent cone is L2. 

Then the germ (C, O) can be of type -63^4 o i?2.5(,-i4 for 4 < i < 10. (See Lemma^. 

(II) Assume that the common tangent cone is Li. 

Then the germ {C, O) can be of type i?2t,5 for z- = 4, 5 and 3^^-21,2 °B6,3 for z- = 6, • • • ,10. 
Further degenerations are given for fixed l by the following list. 

(1) If i = 5, we have 

(a) {C, O) ~ Bk,2 o ^6,3 (5 < A; < 12) 

(b) iC O) ~ Bk,3 o ^4,2 (A: = 7, • • • , 11), ^3,1 o B5,2 o ^4,2, ^3,1 o ^7,2 o ^4,2 and 
5fc,2 O ^3,1 o ^4,2 (fc = 7,8,9). 

(C) (C, O) ~ i?fc,+4,2 O B2,l o iBl,f>^^'^ 

where (fci,/c2) is in {(^1,^2); 13 - A;2 > /ci > A;2 - 4, A;2 = 5, . . . ,7}U{(4,8), (5,9)}. 

(2) If L = 6, we have 

(a) (C,0)~(S2 2)^1,2 0^2,1 

(b) (C, O) ~ ^9,2 o ^2,1 o (Sf 1)^^.2 (A: = 1, • • • , 8) 

(3) If L = 7, we have 

(a) (C, O) ~ (Bl^f^'-' o B2,i and ^13,4 o ^2,1. 

(b) (C, O) ~ Bu^2 o ^2,1 o (Bl^)''^-^ {k = !,■■■ ,7) 

(4) If i = 8, we have 

(a) (CO) ~ {Bl^f'''^''''' o B2,i and (Bl^f'-' o B2,i 

(b) (C, O) ~ 5i9^2 o ^2,1 o (^i.i)^''' (A: = 1, • • • , 6) 

(5) If i = 9, uie /zawe 

(a) {C,0)^{Bl2f"''"^''''"°B2,i, {By^""'-' o B2,i, B^sa ° B2,i and Bu,2 o 

Bg^2 O -82,1 

(b) (C,0) -524,2 ^2,1 0(52^)^^.2, (A; = l,---,4) 

(6) If i = 10, we /iaz;e 

(a) (CO) ~ (522)''''''^''''' ° ^2,1, (i?|,2)'''''"'''''' oi?2,i and (i?2 2)^^'^ o i?2,i 

(b) (C O) ~ i?29,2 o i?2,i o {Bl^)^"^^ , (fc = 1, • • • , 5, A; / 4) 

(b-2) Assume that C2 is a union of two lines passing through the origin (m2 = 2) and the 
tangent cone of Os consists of a double line {y = 0} and a single line is {x = 0}. 
So we assume that f^{x,y) = 612x2/^ + 6403;^ + 6042/^ + (higher terms). We assume two lines 
of 0*2 are defined by £1 : y + aix = 0, £2 : oi2y + a; = and we put Zj = I{li, C^;0) > 3 
{i = 1, 2). Then we have l = ii + L2 > If i = 6, we have (ti, 62) = (3, 3) (ai, 02 7^ 0). If 
z, > 7, we have several possibility of (zi, Z2). 
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^ (5,3)^ 
=r(4>3) (5,4) 
(3,3)^ ^(4,4):^ ^(5,5) 

^(3,4) ^(4,5K 
^(3,5)^ 

Above diagram depend only the numbers (ai, ^40) ^04)- 

Proposition 7. Suppose that C2 is a union of two lines and the tangent cone of the quintic 
C5 consists of a double line and a single line. Then we have the following possibilities. 

(1) If L = 6, then we have 

(a) {C,0)^{Bl,f'''oB2,e, 

(b) (C, O) - ^8,4 o ^2,6 and Bk,2 o ^4,2 o ^2,6 (5 < A: < 12). 

(2) If i = l, then we have two cases: {ii,i2) = (4,3) or (3,4). 

(a) If (1.1,12) = (4,3), we have 

(i) {C,0)^{Bl,f'''oB2,u, 

(ii) (C, O) ~ ^8,4 o ^2,11 and Bk,2 o ^4,2 o -62,11 (5 < /c < 10). 

(b) If{ii,i2) = (3,4), «;e We {C,0) ~ (i?! 2)''''' ° ^2,6- 

(3) If i = 8, then we have two cases: {ii,i2) = (5,3) or (4,4) or (3,5). 

(a) If in, i2) = (5,3), we have (0,0) ~ (5| 2)^^'^ o 52,16- 

(b) //(ii,^2) = (4,4), we have {C,0) ~ (522)''''' ° ^2,11- 

(c) If (1.1,12) = (3,5), we have 

(i) (C,0)~(i?| 2)2^^.20 52,6, 

(ii) (C, O) ~ (51,2)''''' o 52,6, (By^""''' o 52,6 anrf 5i3,4 o 52,6. 

(4) If i = 9, then we have two cases: (^1,^-2) = (5,4) or (4,5). 

(a) If(Li,i2) = (5,4), we have (C,0) ~ (52 a)""''' ° ^2,16- 

(b) If (1.1,12) = (4,5), we have 

(i) (C,0)~ (52 ^2,11, 

(ii) (C,0) ~ (522)^«-^ o 52,11, (B^^""''' o 52,11 and 5i3,4 o 52,ii. 
If i = 10, then we have 

(a) (CO) -(522)2^5.^0 52,16, 

(b) (C, O) ~ (52 2)''''-' o 52,16, (Bl2f'''-' ° ^2,16 and 5i3,4 o 52,16. 

We omit the proof as it is parallel to that of Proposition [3l 

4.3.3. Case III-(c). In this case, we may assume that the tangent cone of (C5, O) is given 
by y3 = 0. 

(c-1) Assume that m2 = 1. If i = 3, we have (C,0) ~ 56,5 by Lemma [2l Therefore 
we consider the case i > 4. If i = 4, we have (C, O) ~ 53,5 as in case (b-1). If i > 5, we 
get the following possibilities. 

Proposition 8. Suppose that C2 is smooth, = 3 and the tangent cone of C5 is a line 
with multiplicity 3. Then the germ (C,0) can be of type 52^,5 for t = 3,4 and 
if I- ^ 5, we have the following possibilities. 

(1) If L = 5, we have (C, O) ~ 55,10 and 5^,2 o 56,3 (^ = 5, • • • , 12) . 

(2) If L = 6, we have (C, O) ~ 59,2 o 56,3 and 5i2,5. 

(3) If L = 7, we have (C, O) ~ 5i4,2 o 56,3, -87,2 ° -63,3 and 5i4,5. 

(4) If i = 8, we have (C, O) ~ 5i9,2 o 56,3, -812,2 o -63,3 and 5i6,5- 
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(5) If i = 9, we have {C, O) ~ -624,2 o -66,3, -617,2 ° ^8,3, -810,2 o ^10,3 and -618,5- 

(6) // i = 10, we have (C, O) ~ ^29,2 o -66,3, -622,2 o -63,3, -615,2 o -610,3 and -620,5- 

We omit the proof as it is parallel to Lemma [5] and Lemma El 
(c-2) Assume that C2 is two lines passing through the origin and the tangent cone of 
quintic C5 is defined by {y^ = 0}. Then we have l > 6 and we can list the possibilities as 
in the following proposition. 

Proposition 9. Suppose that C2 is two lines passing through the origin and the tangent 
cone of quintic C5 is defined by {y^ = 0}. Then we have: 

(1) Ifi = 6, we have {C,0) ~ {Bl^f'-\ i?4,2 o {Bl^f''\ Bio,6 or -65,3 o i?5,3- 

(2) If L = 7 we have (C, O) ~ {Bl^f''-\ 

(3) Ifi = 8we have (C, O) ~ ^9,2 o {Bl^f''^ or {C,0) ~ {Bl^f^°'\ 

The proof is parallel to the previous computations. 

4.4. Case IV : = 4. We divide Case IV into five subcases by type of tangent cone 
ToCs of C5. 

(a) TqC^ consists of distinct four lines. 

(b) T0C5 consists of a double line and distinct two lines. 

(c) T0C5 consists of a triple line and a simple line. 

(d) T0C5 consists of a line with multiplicity 4. 

(e) T0C5 consists of two double lines. 

First we remark that if C2 is smooth and C2 intersects transversely with C5 at the origin 
(i = 4), (C, O) ~ -63,5 by Lemma [2j So hereafter, we consider the case C2 and the tangent 
cone of C5 does not intersect transversely. First we prepare the following Lemma. 

Lemma 7. Suppose that the conic C2 is smooth and let {x,yi) be a local coordinate system 
so that C2 is defined by yi = 0. We put f^{x,yi) = yi(yi + cix){yi + C2x){yi + c^x) + 
(higher terms). Then 

(1) If Ci ^ for i = 1,2, 3, then (C, O) ^ -62^,5 for t = 4, 5 and if t > 5, we have two 
series -6^,2 o -60,3, 5 < fc < 10 for t = 5 and -65^-21,2 ° Bq ^ for t = 6, - - - ,10. 

(2) // ci = and Ci ^ for i = 2,3, we have {C, O) ~ -62^,5 for i = 4, 5, 6 and 
{C, O) ~ -65,-28,2 o -68,3 for L = 7,- ■■ ,10. 

(3) If ci = C2 = and C3 / 0, we have (C, O) ~ -62^,5 for i = 4, - - - ,8 and (C, O) ~ 
B5i-zb,2 o -610,3 for i = 9, 10. 

(4) // a = 0, {i = 1, 2, 3), we have {C, O) ~ -62^,5 /or t = 4, - - - , 10. 

Proof. We observe to the Newton boundary AA(/, x, yi). We have 

M{f, X, yi) = y\ + c^x%l + 2c(35ox^yi + /SIqX^^, c := C1C2C3 

and T{f;x,yi) consists of one face A with weight vector *(1,2). We can see that the 
discriminant R of the face function f/\{x,yi) can be written as .R = /Jso a where a is a 
polynomial of c and (5^q. Then we have (C, O) ~ -610,5 if -R 7^ 0, t = 5 (t = 5 if and only 
if /350 / 0). We observe that -R / 0, if c = and (3^q / 0. 

We first consider the case (1): q 7^ 0, i = 1,2,3. Note that a = and I3^q = is 
impossible. If f5^Qa / 0, we have t = 5 and {C, O) ~ -610,5 as is observed above. Thus we 
consider the case a = or (5^q = 0. In both cases, by taking a suitable triangular change of 
coordinates, we can get non-degenerate singularity. If a = 0, we have (C, O) ~ -6fc,2 o -65,3, 
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5 < A; < 10. If /^so = 0, we have -651-21 2 o -Bg 3 for <, = 6, • • • ,10. Hence we have assertion 
(!)• 

To consider the cases (2) ~ (4), we may assume /?5o = 0. Then we can write 

fbix, yi) = yt + (c2 + C3)xyf + C2C3x'^yj + Piix'^yi + (3qox^ + (higher terms) 

and we have Af{f;x,yi) = yf + PqqX^'^ and note that /Jgo 7^ if and only if i = 6. If 
Peo 7^ 0, we have (C, O) ~ -812,5 and if (3qo = 0, we have l > 7. Secondly we consider that 
(2): ci = 0, Ci / 0, {i = 2, 3). Then 

fbix, yi) = yt + (c2 + C3)xyf + C2C3X^yl + Piix'^yi + I3jqx'^ + (higher terms) 

and we have M{f; x,yi) =2/1+ x^(/34iyi + /37ox^)^. The assertion (2) follows easily by the 
Newton boundary argument. For the assertions (3) and (4), we can consider similarly. □ 

4.4.1. Case IV-(a). Now we classify the singularities in case IV. In this case, we have the 
following. 

Proposition 10. Suppose that the tangent cone of the quintic C5 consists of distinct four 
lines. 

(1) If the conic C2 is smooth, (C, O) ~ -62^,5 for i = 4, 62^,5 or Bk^2°B(i,3 (5 < k < 10), 
for L = 5 and B^,^2i,2 ° -Be.s for l = 6,--- , 10. 

(2) Assume that the conic C2 is a union of two lines £1, £2- Putting ti = I{ii,C^:,0) 

{i = 1, 2), we have (C, O) ~ B^,^_iq^2 ° (-81,2)^'^^'^ ° -82,5^2-16 with li + L2 = i- 

Proof. The assertion (1) immediately follows from Lemma [71 The assertion (2) follows 
from the Lemma O □ 

4.4.2. Case Vl-(b). In this case, we denote components of the tangent tangent cone of C5 
by Li which is a double line L2 and L3. 

(b-1) Assume that C2 is smooth (m2 = 1). Then we have the following. 

Proposition 11. Suppose that C2 is smooth and the tangent cone of the quintic C5 consists 
of a double line and distinct two line. The germ (C, O) ~ -68,5 for l = A. If l > 5, we have 
possibility of (C, O). 

(1) We assume that C2 is tangent to L2 or L3. Then {C,0) ~ -65^10 or {C,0) ~ 
-63,6 o B2,k, {5 <k < 10) for L = 5 and Bs^q o 52,5^-21 /or z. = 6, • • • , 10. 

(2) We assume that C2 is tangent to Li. Then {C,0) ~ -62^,5 for l = 5,6 and 

(C, O) ~ 55,_28,2 o ^8,3 for L = 7,- ■■ ,10. 

Proof. The assertions (1) and (2) are immediate by Lemma [Hand Lemma [71 □ 

(b-2) Assume that C2 is a union of two lines passing through the origin ii : OiX + biy, {i = 
1, 2) and we assume that Li = {y = 0} , L2 = {x = 0} and L3 = {y + cx = 0} . 

Proposition 12. Suppose that C2 is a union of two lines and the tangent cone of the 
quintic C5 consists of a double line and distinct two line. Then 

, = 8: (C,0)~ Be,4o{Bl^f'-' oB2,i, ^4,2 o ^3,2 o (B^ ^2,4, 

. = 9: (C,0)~ iBl^f'''o{Bl,f'-'oB2,4, h = or 

B&A o (^I'l)""''' o ^2,9, ^4,2 o ^3,2 o {Bl^f''' o ^2,9, h = L2 
. = 10 : (C, O) ~ {Bl2f'"' o {Bl^f^'^ o i?2,9, £1 = Li, £2 = L2 

B%A o {Bl^f'-' o B2,9, ^4,2 o 53,2 o {Bl^f'-' o ^2,9, ^1 = i.2, ^2 = L3 
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We omit the proof as it follows from an easy calculation. 

4.4.3. Case IV-(c). We assume that the tangent tangent cone of C5 consists of a triple 
line L\ and a simple L2. 

(c-1) Assume that C2 is smooth. Then we have the following. 

Proposition 13. Suppose that C2 is smooth and C5 be as above. Then (C, O) ~ i?8,5 for 
i = A. 

If I' ^ 5, the possibilities of (C, O) are: 

(1) // C2 is tangent to L2, (C, O) ~ i?5,i0i or B-^ q o i?2,A;; {5 < k < 10) for i = 5 and 
iC,0)^Bs,QoB2,5.-2ifort = 6,--'-,W. 

(2) //C2 is tangent to Li, (C, O) ~ ^21,5 /or /, = 4, • • • ,8 and (C, O) ~ -851-35,2 0^10,3 
/or i = 9, 10. 

The proof of (1) and (2) is immediate from Lemma H] and Lemma [71 
(c-2) Assume that C2 is a union two lines £i, i = 1, 2 passing through the origin and put 
£j : aix + biU = (i = 1, 2). We assume that Li = {y = 0} and L2 = {x = 0}. We have 
i > 8. 

Proposition 14. Suppose that C2 is a union two lines ii, £2 and the tangent cone of the 
quintic C5 consists of a triple line Li and a simple line L2 ■ Then 

(1) Ifi = 8, (C, O) ~ ^8,6 o 52,4 and ^5,3 o .64,3 o ^2,4. 

(2) Suppose L = 9. 

(a) Ifli=Li, {C,0)^{Bl^f'-' oB2,4 and 55,30^4,3 0-62,9. 

(b) If£2=L2, (C,0) ~ -68,6 0-62,9. 

(3) Ifi = 10, we have h = Li, I2 = L2 and {C,0) ~ (Bl^f'''^ o ^2,9. 

4.4.4. Case VI- (d). 

Proposition 15. Suppose that the tangent cone of the quintic C5 is line with multiplicity 
4. 

(1) // C2 is smooth, we have (C, O) ~ -621,5 for /- = 4, 5, • • • ,10. 

(2) Suppose C2 consists of two lines. 

(a) If L = 8 we have (C, O) ~ -610,8 and -62,1 o ^4,3 o ^5,4. 

(b) IfL = 9, we have (C, O) ~ (-6524)^'-'. 

Note that when l = 10, C is linear tours curve. See §6. 

4.4.5. Case Vl-(e). In this case, we may assume that each double line is Li and L2. 

(e-1) Assume that C2 is smooth case. 

Proposition 16. Suppose that C2 is smooth and the tangent cone of the quintic C5 consists 
of is two double line. The germ (C, O) can be of type -68,5 for i = 4. If i > b, we have 
possibility of (C, O). 

(1) // C2 is tangent to Li, (C, O) ~ -62^,5 for i = 5, 6 -65^.28,2 o -88,3 for l = !,■■■ , 10. 

(2) If C2 is tangent to L2, (C, O) ~ -65,2^ for i = 5, 6 -63,8 o -62,5^-28 for i = 7,--- , 10. 

(e-2) C2 is two lines case. 

Proposition 17. Suppose that C2 is two lines and the tangent cone of the quintic C5 
consists of is two double line. Then 
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(1) If t = 8, (C, O) ~ .66,4 o -64,6; -64,2 o .63,2 o ^4,6 and 64^2 o -63,2 o ^2,3 o ^2,4- 

(2) IfL = 9, (C, O) ~ i?6,4 o {Bl^f''" and ^4,2 o ^3,2 o (Bl^f''' . 

(3) Ift = 10, (CO) ~ (Si,^)^^-^ o iBl,f^'^ 

4.5. Case V: — 5. Similarly we also divide this case into C2 is smooth or two lines. 
We have t > 5. 

Proposition 18. Suppose that the multiplicity of the quintic C5 is 5, i.e., C5 consists of 
five line components. Then 

(1) If C2 is an irreducible conic, (C, O) ~ i?2t.5 for i = 5, • • • 10. 

(2) //C2 consists of two lines, f is a homogeneous polynomial of degree 10 and (C, O) ~ 
-Bio,iO; C consists of 10 line components. 

5. List of Classification 
Now we have the following list of local classification. 

Theorem 1. Let C = {f = f2 + f^ = 0} is a (2,5)-torus curve. We assume that 
C2 = {/2 =0} is a reduced conic. (C2 is non-reduced case in next section). The topologi- 
cal type of {C, O) can be one of the following where t(C, O) has degenerate series of (C, O). 

I. // C5 is smooth, {C, O) ~ 55,,2, i = 1, • • • ,10. 

II. Assume C5 is singular. 



(II-l) Assume C2 is an irreducible conic. 



L 


(CO) 


2 


-63,2 B^A 


3 


i?8,2 0-62,3, (-63^2)^^ ^ -66,5 


4 


-Bl3,2 .82,3, -06,2 -64,3, -63,5, t(-6|^2)^^^'^ 


5 


-618,20-82,3, -6ii_2 i?4^3, t-610,5, t(-64^2)^'''^^^^'^ 


6 


^23,2 -82,3, -816,2 0^4,3, fS9^2oS6,3, -8l2,5, t(-8| 2)^^^'^^^^'^ 


7 


-628,2 i?2, 3, -621,20^4,3, t-814,2 i36,3, t(-64_2)^^'^'^'''^^'^, -87,20^8,3, -614,5 


8 


^33,2 -82,3, -826,20^4^3, t-819^2 -86,3, t(-8| 2)^^^'^^^^'^, -812,20-88^3, -816,5 


9 


-638,2 i?2, 3, -831,2 i?4^3, t-824,2 i?6,3, t(-6| 2)'^^'''^''''^^'^ 
-617,20-68,3, -610,2 i?io,3, -618,5 


10 


-643,2 i?2, 3, -636,2 i?4^3, t-629,2 .86,3, t(-84^2)^^^'^'''^^'^ 
-622,2 i?8, 3, -815,2 i?io,3, -820,5 



The singularities with f have further degenerations as is indicated below. 
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t {Bl 



Bio,4, 5fe,2 0^2,5 (6<A;<15) 

2 \^5,2 

B2.2 



(^5,2^ 

?2 \ 2^3,2 



\ 2^2,2 
4,2) 

J. ( tj2 \Br,2+B2,2 
I V-°4,2/ 

J- / d2 \B22,2+B2,2 

T (-^'4,2) 

^20,4, -Bfe,2 o Sio,2 {k = 11, 12) 

+ (' d2 \B27.2+B2.2 / d2 \-Bi8,2+-B3,2 

T (-^^4,2) • 1^6,2) 

2 \£*32, 2+^^2,2 . / Tj2 \£*23, 2+^3,2 



(-^6,2^ ' V-"7,2 
fTy2 \B8, 2+53,2 /d2 

/n2 \Bl3,2+B3,2 /rj2 \ 



5 



15,4 



2S4,2 



' (-^9,2) 



B5,2 



(U2 \S9, 2+^4,2 (Tj2 \BlO,2 



t (i?4,2 

?2 n2Si,2 



2 fr>2 \2_B5,2 /o2 \ 



('d2 \ JJ23,2-rJJ3,2 /D 

(-fc^6,2j > 1-^^8,2 

(-^12,2) -^25,4 

t Sio,5 : 5fc,2 o ^6,3 (5 < A; < 12), ^^,3 o ^4,2 (7 < fc < 11), ^3,1 o ^5,2 o ^4,2, 

53,1 O ^7,2 O ^4,2, 5fc,2 o ^3,1 O B4,2 {k = 7, 8, 9), 5fc,+4,2 O ^2,1 o (S| l)^'=l.^ 

A;2) e ^2) | A;2 - 4 < A;i < 13 - A;2, 5 < ^2 < 7} U {(4, 8), (5, 9)}. 

t ^9,2 o ^6,3 : (5522)''''' ° ^2,1, ^9,2 o ^2,1 o {Bl.f"-' (1 < < 8) 
t ^14,2 o i?6,3 



t ^19,2° -86,3 
/C < 6) 

t -624,2 o -66,3 



Bu,2 

Bu,2o{Bl,f'''oB2,i, iBl^f'''oB2,i, Bi^,2oB2,io{Bl,f'"' (1 < 



(5522)''''' ° ^2,1, -Bl3,2 o B2,l, Sm,2 o ^2,1 o {Bl^f'''' {I < k < 7) 



Bl7,2 o (.B3 1 



2 ^^I'^oB 



/ d2 n2-B2,2 
2,1, [BsoJ 



° -Bl,2, -Bl8,4 O -B' 



2,1) 



^24,2 O 52,1 O (^22 i)'''='^ (1 < A; < 5) 

t529,2 B6,3 : B22,2oiBl^f'''oB2,i, B22,2o{Bl^f'-'oB2,i, {Bl^f'^' O B2,l, 
^29,2 O ^2,1 o (Bl ^f''' {l<k<5, k^4) 



(II-2) Assume C2 is two distinct lines. 
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L 


(C, O) 


4 


Bs,2 ° B2^8, KBi^2)^^'^ 


5 


Sl3,2 0-02,8, (-03,2)^^^'^ 


6 


-^18,2 ° -^2. 8, -^13,2 ° -B2.I3, t(-04 2) 

B6,2oK,i)^^'^oB2,6, m.2f'-'oB2,e, KBl^f"-' 


7 


-623,2 ° -62,8, -Bl8,2 ° -62,13, t-6l6,2 ° (-62,1) ^'^ 


8 


-623,2 ° -62,13, ^18,2 ° -62,18, -611,2 ° (S^j) 0^2, 11, -65,4 ° ^6,4, ^10,8 
Bl6,2°(i?f,l)''*'^°i?2,6, (S322)'''''°S2,11, (i3|,2)''^-^ O ^2,16, t(i3|,2)''''''' ^ ^2,6 
-64,2 ° (-61^2)^^^'^ ° -62,4, t-66,4 (-61,1)^'^^'^ i?2,4, ti?8,6 -62,4, -64,2 (-63,2)^^'^ 


9 


-623,2 ° -62,18, -616,2 ° (-61^1)'^*'^ -62,11 

l-°3,2j 0-02,16, T(,-t>4,2j -£52,11, 09,2°\^2,2) ° ^2A 

WeA iBl.f''' i32,9, (i?|,2)''''' ° (^m)'"''' ° ^2,4, 1^6,4 ° (S?,i)''''' ^2,4 

UBl.f''' B2A, {Bl,f'-\ \B,,4o{Bl^f'-\ B8,6oB2,9 


10 


-623,2 ° -62,23, -616,2 (-6i_i)'^*'^ -62,16 

t(S|,2)'''''' ^2,16, i?9,2 ° (i?|,2)'''''' ^2,9, ]B^A ° (^m)''''' ° ^2,9 
{Bl2f''' (B?,!)''^'^ B2,9, B6,4 1)^^'^ S2,4 



T/te singularities with f /taue further degenerations as is indicated below. 

UB^f''' ■ {Bl^f Bio,4, i?fe,2°^2,5 (6<fe<15) 

t iBl,f^^^^ : (51,2)''"^ (^^1,2)'''^^ (Bhf'^ 5i5,4 

t Bl6,2 o : 

t (Bl^f''' o ^2,6, ^8,4 o B2,6, Bk,2 o ^4,2 o ^2,6 (5 < < 12) 

t (^l,2)^''' ° ^2,11 : ^8,4 o ^2,11, 5fc,2 o ^4,2 o ^2,11 (5 < < 10) 

t (5|,2f'''''°52,6 : {Bl,f''' o B2,e, (Bl^f''''' o B2,e, i3l3,4 o i?2,6 

t (i?4,2f'''''°^2,ll : {Bl^f''' O B2,U, {Bl2f''''' o B2,ll, 5l3,4 0i?2,ll 

t {Bj^2f^"'^ ° ^2,16 : 2)^^"'^ o 52,16, (-B|,2)^^^'^ ° -62,16, -Bi3,4 O ^2,16 

t (-64,3)^*^'^ • -^10,6, -^6,3 ° -65,3 

t 56,4 o i)^2-2 o 52,9 : i?4,3 o 53,2 o {Bf^f''' o ^2,9 

t 56,4 o (Bl^f''' o 52,4 : ^4,3 o 53,2 o (Bl^f''' o 52,4 

t 56,4 o {Bl^f''' o 52,9 : ^4,3 o 53,2 o (Bl^f'-' o 52,9 

t -^8,6 ° -62,4 : -65,4 o 54,3 o 52,4 

t -^8,6 ° -^2,9 '■ -65,4 o -84,3 o -62,9 

t 56,4 o 54,6 : 54,2 o 53,2 o 52,6, -64,2 o 53,2 o 52,3 o 52,4 

t 56,4 o (52 3)^«'^ : 54,2 o 53,2 o (5|,3)^«'^ 
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6. LINEAR TORUS CURVE OF TYPE (2,5) 

Definition 3. Let C he a torus curve of type (2, 5) which has a defining polynomial f 
which can be written as f{x,y) = /2(a;,y) + fb{x-,y) where degfj = j (j = 2,5). // 
f2{x,y) = £{x,y)'^ for some linear form i, then the curve C is called a linear torus curve. 

Let ^(x, y) = {ax + by + c)"^. We may assume that f2{x, y) = —y^ by a linear change of 
coordinates so that /(x, y) is a product of quintic forms /(x, y) = (/5(x, y)+y^))(/5(x, y) — 
y^). It is easy to observe that the inner singularities of C are on {y = 0} H C5. 

6.1. Local Classification. In this section we determine local singularity of linear torus 
curve type (2,5). Similarly, we divide into five cases. If C5 is smooth, we already have the 
singularity (C, O) form Lemma [H Hence we consider that the multiplicity of C5 is larger 
than 2. 

6.2. Case L-II: = 2. In this case, the tangent cone of C5 has two types and we have 
i = 4,6,8,10. 

Proposition 19. Suppose = 2. 

(1) If the tangent cone of consists of two distinct lines, {C,0) ^ ^51^12,2 ° -62,8 for 
6 = 4,6,8,10. 

(2) Assume that the tangent cone of C5 is a line with multiplicity 2. 

(a) //(C5,0) ~i?3,2, 

(i) {C,0)^{Bl^f'''fori = Aand 

(ii) {C,0)^{By''''^' fori = Q. 

(b) //(C5,0)~B4,2, 

(i) (CO) -(^2 2)'''^'^ /or. = 4, 

(ii) (C,0) ~ [Bl^f^'''^ fori = 8 and 

(iii) (C,O)~(B|2)^^^'^+^^^'Vor.= 10. 

(C) //(C5,0) -^5,2, 

(i) (C, O) ~ 5io,4 and Bk,2 ° ^2,5 (6 < A; < 15) for t = 4 

(ii) {C,0)r.{Bl,f'''' forL = 8. 

(iii) {C,0)r.{Bl,f'''-' forL = W. 

(d) // (Cs, O) ~ Be,2, (C, O) ~ {Bl^f"'-' for l = 8. 

(e) // (Cs, O) ~ Bj,2, (C, O) ~ {Bl,f'''' for l = 8. 

(f) // (CO) ~ Bs,2, (C, O) ~ (51,2)'''''' /or . = 8. 

(g) If{C,,0)r^Bg,2, {C,0)^{Bl^f'''fori = 8. 

(h) // (Cs, O) - Bio,2, (C, O) ~ ^20,5 and Bk,2 o ^10,3 (11 < A: < 13) for c = 8. 

Proof. The assertion (1) is shown by the Newton boundary argument (cf. Lemma[3]). The 
assertion (2) is mainly computational. See that Proposition [3l □ 

6.3. Case L-III: 7TI5 = 3. In this case, the tangent cone of C5 has three types and we 
have i = 2k, {k = 3, 4, 5). 

Proposition 20. Suppose = 3. 

(1) If the tangent cone of C5 consists of three distinct lines. {C,0) ~ (B^^)^^"^'^ and 
Bi6,2 o (^1,2)^^"'' and B26,2 o {Bl2f^''' for l = 6,8, 10. 
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(2) Suppose the tangent cone of C5 is a double line and a single line. 

(a) Ifi = 6, {C, O) ~ 56,2 o (S| 3)^^-^ , ^8,4 o ^2,6 and 3^,2 o ^4,2 o ^2,6, (5 < A; < 
10). 

(b) L = 8. 

(i) If the tangent cone 0/C5 is {xy^ = 0}, then {C,0) ~ (-632)^^^'"' °-B2,6- 

(ii) // the tangent cone of C5 is {x^y = 0}, then (C, O) ~ -Bi6,2 ° (-82,3)^"'^; 
-Bi6,2 o ^4,8 anc? Si6,2 o ^2,4 o B2,k, (5 < A: < 10). 

(c) t = 10. 

(i) If the tangent cone of C5 is {xi/ = 0}, then (C, O) ~ (5| 2)^^'°'' 0^2,6, 

2)"""" ° ^2,6, {Bl^f"''' O 52,6, (51,2)'''''' ° ^2,6, i?18,2 O ^2,6 and 

Bi9,2 ° B2,e- 

(ii) // the tangent cone of is {x'^y = 0}, then (C, O) ~ .626,2 ° (^23)^^'^, 
-626,2 o -64,8 a^'^ -826,2 o -82,4 o S2,jt, (5 < A; < 9). 

(3) Suppose the tangent cone of C5 is a line with triple line. 

(a) Ifi = 6, (CO) ~ {Bl^f''\ 54,2 o {Bl^f''\ Biofi and i?3,6 o S5,; 



3- 



(b) //. = 8, (c,o)~K,3)^^^'^ 



(c) // i = 10, (C, O) ~ i?4,2 o (i?3',2)"^''' and {Bl,y 
6.4. Case L-IV: mg = 4. 

Proposition 21. Suppose that the multiplicity of the quintic C5 is 4- 

(1) Assume the tangent cone of C5 is distinct four lines then 

(a) //t = 8, then {C,0) ~ {Bl^f^^'\ 

(b) //t = 10, i/jen (C,0) ~ Si4,2 o (S| 3)^■^^■^ 

(2) Assume the tangent cone of C5 is a double line and distinct two lines. 

(a) Ifi = 8, iC O) ~ {Bl2f''"'" o ^4,6 and {Bl^f"''' o ^2,3 o ^2,4 

(b) Suppose i = 10. 

(i) // the tangent cone of C5 is {x'^y{y + cx) = 0}, (C, O) ~ i?i4,2 o 

1)^^-^ o ^4,6 and Bi4,2 o (B| i)^^'^ o ^2,3 o ^2,4. 

(ii) // the tangent cone of C5 is {xy'^{y + cx) = 0}, (C, O) ~ (-B|2)'^^°'^ o 

(3) Assume the tangent cone of C5 is a triple line and another line. 

(a) If t = 8, then (C, O) ~ -64,2 o .66,8 and £4,2 o ^3,4 o .62,3 o ^1,2. 

(b) 7/6 = 10, 

(i) The tangent cone of C5 is {x^y = 0}, we have ^14,2 o ^6,8 and ^14,2 o 

-63,4 ° 7?2,3 ° Bi^2- 

(ii) T/ie tangent cone of is {xy^ = 0}, we have (-64,3)^^"'^ 0-62,4. 

(4) Assume the tangent cone of C5 is a Zine wii/i multiplicity 4- 

(a) // i = 8, i/ten (C, O) ~ -68,10 and ^4,5 o ^3,4 o Si,2. 

(b) IfL = 10, we W (C,0) ~ (-6|5)^^°■^ 

(5) Assume the tangent cone of C5 consists of two double lines. 

(a) Ifi = 8, then (0,0) - {Bl^f (Bl^f'^'^oB^^e and (Bl^f'"'' 032,3062,4. 

(b) // i = 10, we have {C, O) ~ (-6| 2)^'°'' ° -64,6 and (-6|2)^'°'' ° ^2,3 o .62,4. 
Putting together the above classifications, we have: 
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Theorem 2. Let C be a linear torus curve type (2,5). The {C,0) is described as follows. 



L 


{CO) 


2 


5io,2 


4 


^20,2, -88,2° -02,8, t(-B3 2) 


6 


-830,2, -Bl8,2 -02,8, \{B'i^2)^^^'^ 

We,2o{By^'\ t(-B4,3)^^'% t(S|,3)'^*'^ 


8 


^40,2, -828,20-62,8, t(-84_2)^^^^'^, t-88,10, (-Sl.s)^^**'^' (-84,4)*^^'^ 
(5|,2)''"'^°S2,6, tBl6,2 0(B2%)^^^ t(B|,2)'''^'^°S4,6 
t-84,2 -86,8, t(-82,2)^^^°'^, -816,2 (-82,2)^^*'^ 




-850,2, -838,20-82,8, \{B'l2)^^^'^^^^^'^ 1 (-84^3)^"'^ ° -82,4 


10 


1(54,2)^^^°'^ ° -82,6, -826,2 ° (-B| 3)^"'^, -810,10, t-814,2 (-Bi i)^^'^ -B4 g 
t-B4,2 (-8|,2)'^^^'^ -814,2 (-Bf s)'^^^'^, (-815)^^"'^, t-814,2 -85,8 

t(5|,2)''^°'=o(S2 2)^^='=oi?2,4, 526,2 (51,2)''''^ (5|,5)''"'^ 



tlB^^r'' : ^10,4, (S|,2) Sfe,2 055,2 (6<A;<15) 

■^ /"rS \Bis,2 . /rj2 \S20,2 /p2 \2-B8,2 / p2 \Sl2,2 /p2 \2-B4,2 /p2 \S4,2 
T l-t>3,2J • (-t>5,2j ' (-^^6,2) > l-t^7,2j > i-t>8,2j ) (-t>9,2j > 

i?20.5, 5fc.2oSio.3 (1 < A:< 13) 

t (i?!,^)''"'^^''"^^ : (i?i,2)'''°'' 

t -86,2 o (5|,3)^''' : -58,4 o 52,6, -Bfc,2 o -64,2 o -63,6 (5 < < 10) 

t -Bi6,2 o (52 3)^*-2 : 5i6,2 o -64,8, -Bi6,2 o ^2,4 o B^^k (5 < fc < 10) 

t 526,2 O (52 3)^*'2 : 526,2 O 54,8, 526,2 o 52,4 O 52,fc (5 < < 9) 

t (5|,2)^^-'^ o 52,6 : (5i,2)^-'^o52,6, (5|,2)'^^'^ O 52,6, (5|,2)'^^'^ O 52,6, 

5i8,2o52,6, 5i9,2 o 52,6 
t (-^4,3)^*^'^ • -^4,2 O (53,2)'^^'^, 5io,6, 55,3055,3 

t 54,2 o (5|,2)^-'^ : (51,3)^-'^ 

t (5|,2)'^^-^ 054,6 : 52,40 52,3 o(5|,2)'^^-^o 52,30 52,4 

t 5i4,2 O (52 o 54,6 : 5i4,2 O (52 O 52,3 O 52,4 

t 54,2 o 56,8 • 54,2 o 53,4 o 52,3 o 5i, 2- 

t 5i4,2 o 56,8 : 5i4,2 o 53,4 o 52,3 o 5i,2 

t 58,10 : 54,5 o 53,4 o 5i,2 

t(5|,2)'^-'^ : ,(5^,,)^-'^ 054,6, (5^,,)^-'^o 52,30 52,4 

t (532 2)^^°-^ o 54,6 : (532,2)^^°'^ o 52,3 o 52,4 

7. Appendix 

In this section, we give some examples of singularities which were obtained in the pre- 
vious section. 
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Example-Case I. We assume that the quintic C5 is smooth at O. Then we have (C, O) ~ 
B5l,2, 1 < i < 10. The following example 

C : fix, y) = {y^+y + x^f + (y + x'^f 

corresponds to t = 10 and (C, O) ~ A49 and Milnor number // = 49. This is due to [1]. 

Example-Case II- (a). We assume that the tangent cone of the quintic C5 consists of 
distinct two lines. 

(a-1) C: f{x,y) = {y-x^f + {y'' + xy-x'')\ (C, O) ~ i?43,2 o i?2,3, ^ = 10, /i = 51. 
(a-2) C : /(x, y) = x^y^ + (y5 + + ^5)2^ ^ ^^^^^ ^ ^^^^^^ l = = 51. 

Example-Case II- (b). We assume that the tangent cone of the quintic C5 consists of a 
line of multiplicity 2. 

(b-1) Ct : fix, y) = iy + x^f + (-y^ + 2xy3 + (2x3 + l)y^ + (2 + t)x^y + (1 + t)xy, 
iCt,0) (^4 2)^^^'^^^^'^) i = 10, /X = 55. This singularity degenerate into: 
Co : fix, y) = iy + x^ + + 2xy^ + i2x^ + 1)7/2 + 2x^y + x^f, 
((:7o,0)~B25,4,^ = 10, /i = 72. 

(b-2) C: /(x,y) = (y2 + xy)5 + (y2+^5)2^ (C7, O) ~ (Sf 2)''^^^ . = 7,^ = 42. 

Example-Case III- (a). We assume that the tangent cone of the quintic C5 consists of 
distinct three lines. 

(a-1) C : fix, y) = iy + x'^f + (/ + xy^ + (x^ + x)y'^ + (x^ + x'^)y + x^f 
(C,0) -536,2 ^4,3, i = 10, ^ = 56. 

(a-2) C : fix, y) = x^y^ + (y^ + xy"^ + x'^y + x^'f 

(C,0) ~Si6,2o(Sf,l)^''' 0^2,16, i=10, /x = 57. 

Example-Case Ill-(b). We assume that the tangent cone of the quintic C5 consists of 
a double lines and a single line. 

(b-1) C : fix, y) = iy + x^f + (y^ + y^x - x'>f, (C, O) ~ i329,2 o i^g.s, ^ = 10, ^ = 61. 
(b-2) C : fix, y) = x'y' + (y^ + y'x + x'f, (C, O) ~ (i?|,2)'''''' o ^2,16, ^ = 10, ^ = 61. 

Example-Case III-(c). We assume that the tangent cone of the quintic C5 consists of 
a line with multiplicity 3. 

(c-1) C : fix, y) = iy + x^f + (/ + + y^x^ + yx^ + x^)^, 

(C,0) -^29,2 0^6,3, /, = 10, ^ = 61. 

(c-2) C: /(x,y) = xV + (y' + x^)', (C, O) ~ (i?|,3)''"'^ . = 8, = 55. 

Example-Case IV- (a). We assume that the tangent cone of the quintic C5 consists of 
distinct four lines. 

(a-1) C : fix, y) = (y^ + y^x + xy^ + 2y'^x^ + x^y + x^f + (y^ + y + x'^f, 

(^,0) -529,2 ^6,3, i = 10, ^ = 61. 

(a-2) C : fix, y) = x^y^ + (y^ + y^x + yx^ + x^)^, 

(C, O) ~ 5i4,2 o iBl^f"'-' o ^2,14, i = W, fx = 67. 
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Example-Case IV- (b). We assume that the tangent cone of the quintic C5 consists of 
a double line and distinct two lines. 

(b-1) C : /(x, y) = {y^ + / + xV + xV + x^yf + (y + x'f, 

(C, O) ~ ^22,2 O ^6,3, 6 = 10, ^i = 66. 
(b-2) C : /(x, y) = (2/ + [x^ + - + 2x'>f + {yx - x'^f, 

(C, O) ~ ^6,4 O 1)^^'^ o 52,9, i = 10, M = 69. 

Example-Case IV- (c). We assume that the tangent cone of the quintic C5 consists of a 

triple line and a single line. 

(c-1) C : fix, y) = (2y5 + y*x + {x" + x)y^ + Sy^x^ + {y^ + {x + l)y + Sx^f 

(C,0) ~5l5,2oBio,3, i=lO, ^i = 71. 
(c-2) C : fix, y) = (y^ + y^'x + x^'f + y'^x^ (C, O) ~ (^l^a)'"''' o ^2,9, 6 = 10, = 71. 

Example-Case IV- (d). We assume that the tangent cone of the quintic C5 consists of 
line with multiplicity 4. 

(d-1) C : fix, y) = (2/ + (x + 1)/ + x2y3)2 ^ ^^2 ^ ^ ^ ^2^5 
(C,0) -^20,5, '•=10, = 76. 

(d-2) C: /(x,y) = (/ + x5)2 + (y2 + yx)^ (C,0)~(i?5%f'■^ i = 9, A^ = 68. 

Example- Case IV- (e). We assume that the tangent cone of the quintic C5 consists of 
two double lines. 

C: /(x,y) = (/ + yV + .x'^)2 + yV, iC,0) iBl^f'^' o iBl^f''\ . = 10, ^ = 71. 
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